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CONTACT TWISTOR SPACES AND ALMOST CONTACT 
METRIC STRUCTURES 

JOHANN DAVIDOV, CHRISTIAN L. YANKOV 


Abstract. The notions of a twistor space of a contact manifold and a contact 
connection on such a manifold have been introduced by L. Vezzoni as extensions 
of the corresponding notions in the case of a symplectic manifold. Given a contact 
connection on a contact manifold one can define an almost CR-structure on its 
twistor space and Vezzoni has found the integrability condition for this structure. 
In the present paper it is observed that the CR -structure is induced by an almost 
contact metric structure. The main goal of the paper is to obtain necessary and 
sufficient conditions for normality of this structure in terms of the curvature of 
the given contact connection. Illustrating examples are discussed at the end of the 
paper. 
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1. Introduction 

Let M be a contact manifold with contact form a and contact distribution T>. 
The restriction of da to V is a symplectic form and L. Vezzoni [TQ] has defined the 
contact twistor space of M as the bundle over M whose fiber at any point p £ M 
consists of all complex structures on T> pi the fibre of T> at p , compatible with the 
symplectic form da\T>. He has also introduced the notion of a contact connection on 
M and showed that, given such a connection V, one can define a natural almost CR- 
structure on the contact twistor space of M in a way that resembles the standard 
twistor construction. Vezzoni has found the integrability condition for this almost 
CR-structure in terms of the curvature of the connection V. 

In this note we observe that the UR-structure considered in JTQ] is induced by 
an almost contact metric structure on the contact twistor space of M. As usual 
in twistor theory, one can define one more almost contact metric structure and the 
main purpose of this paper is to discuss the normality of these almost contact metric 
structures. Recall that normality is an important property of an almost contact 
manifold N , which means that the product manifold N x S 1 is a complex manifold 
with the complex structure induced by the almost contact one (cf., for example, CD- 
As one can expect, the integrability condition for the first almost contact metric 
structure can be expressed in terms of the curvature of the connection V, while 
the second one is never normal. Considering the two induced UR-structures, we 
reprove the Vezzoni integrability result for the first one and show that the second 
CR-structure is never integrable. Examples illustrating the obtained results are 
discussed in the last section of the paper. 
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2. Preliminaries 


2.1. Compatible complex structures on a symplectic vector space. Let 

T> be a 2?r-dimensional real vector space endowed with a non-degenerate skew- 
synnnetric 2-form uj. Denote by Z = Z{V,ix) the set of all complex structures J on 
the vector space V compatible with the form u>, i.e. such that co(Jx, Jy) = co(x,y) 
and oj(x, Jx) > 0 if x ^ 0. This set is a submanifold of the symplectic Lie algebra 

sp(uj) = {S' € End(T>) : uj(Sx, y) + ui(x, Sy ) =0, x, y € T>}. 

The tangent space TjZ (considered as a subspace of sp(co)) is 

TjZ = {V G End(V) : VJ + JV = 0, u(Vx, y) + u(x, Vy) = 0}. 

The smooth manifold Z admits a natural almost complex structure J defined by 

JV = JV for V e TjZ. 


Every J £ Z is an orthogonal transformation of T> with respect to the Euclidean 
metric gj{x,y) = ui(x,Jy). If E \,..., E 2 n is a gj-orthonormal basis such that 
JEi = E i+n , i = l,...,n, then 

^ (Ei , Ej ) = cu(Ei+ n , Ej+n) = 0, uj(Ei, Ej+n') — 8 jj. 

A basis that satisfies the latter identities is called symplectic. Vice versa, given a 
symplectic basis E\,... ,E 2 n , define a complex structure J on the vector space V 
setting JEi = Ei+n, JEi+ n = —Ei , i = 1,... , n. Then J € Z and the symplectic 
basis is ^ j-ort honor rrial. 

The metric y,j induces a metric Gj on the vector space End[T>), 

Gj(A, B ) = Trace{T> gj{Ax, Bx)}, A, B £ End(V). 

Then Z 9 J —> Gj\TjZ is a (smooth) Riemannian metric on the manifold Z 
compatible with the almost complex structure J. 

Let J e Z and let E a , a = 1,..., 2n, be an orthonormal basis of T> with respect 
to the metric gj such that JEi = Ei +n , i = 1,n. Define a basis L a p of the 
vector space End(V) by 


-^a/3-^7 , OL , (3, y 1, . . . , 2 n. 


This basis is orthonormal with respect to the metric Gj on End(T>) induced by gj. 
Set 


( 1 ) 


Vij — ^ (Li+ 


n,j T Lj+n,i A Ei j+n d" J/j++ n 

Vn — T L'i'i+n'), 


i = 1 ,n. 


n, 


These endomorphisms of T> are orthonormal, lie in TjZ and 


( 2 ) 


yJVij — ^ (-^i+n }< 7+n “1“ -^j+n,i+n Li,j ^j,i), i 7 ^ j i,j — 1,... ,n, 

\JVa —(Li+n^i+n Lii), i 1, . . . , Tl. 

V 2 


Thus {V^, JVij : 1 < i < j < n} is a Gj-orthonormal basis of TjZ. 

Denote by symm(u>) the set of endomorphisms 5 of V that are w-symmetric, i.e. 
u>(Sx,y) = u>(x, Sy). Then 


End(V) = sp(u>) ® symm(ui). 
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Given A £ End(V) define an endomorphism A* of T> by 

uj(A*x,y) = ui(x, Ay). 

Then A = ^(A — A*) and A = ^(A + A*) are the projections of A onto sp(u:) and 
symm(uj), respectively. 

For every J £ Z, we also have the direct sum decomposition 
sp(ui) = TjZ © {S £ sp(uj) : JS — SJ = 0}. 

The projection of an endomorphism U £ sp{u>) to TjZ is given by prj(U) = 
\{U + JUJ). Thus 

prj{A) = ^(A + JAJ). 

is the projection of A £ End(V) to TjZ with respect to the decomposition 
End(V) = TjZ © {S £ sp(ui) : JS — SJ = 0} © symm(co). 


Let U £ TjZ and let V be a vector field on a neighbourhood of J. Take any 
smooth function sp(u>) —> sp(u) that coincides with V on a neighbourhood of J 
and denote this function again by V. It follows from the Koszul formula that the 
Levi-Civita connection D of the Riemannian manifold ( Z 1 G ) is given by 

(3) ( D u V)j=prj(V'(J)(U )) 

where V'{J) £ End(sp(u >)) is the derivative of the function V : sp(co) —> sp(w). 
Then 


(DuJV)j = pr j(UVj + J{V\J))(U)) = Jprj(V\J)(U )) = J{D v V)j 

Therefore (G, J) is a Kahler structure on Z. 

The Lie group Sp(uj ) of linear transformations Q of V that preserve w, w{Qx, Qy) 
= u(x, y), acts transitively on Z by conjugation. Indeed, if J, J' £ Z, take symplec- 
tic bases E a and E' al a = 1,... ,2 n, determined by J and J', respectively. Then, 
if Q is the linear transformation of V defined by QE a = E' a , we have Q £ Sp(uj) 
and J' = QJQ~ r . Denote the isotropy subgroup of Sp(uj) at a point J° £ Z by 
U(J°). Thus Z is the homogeneous space Sp(u>)/U(J°). Note also that the complex 
structure J and the metric G on Z are invariant under the action of Sp(ui). 

The Lie algebras of the groups Sp(uj) and U{Jq) are sp(co) and u = {S £ 
sp(ui) : SJq — J 0 S = 0}. Set m = {S £ sp(uj) : SJq + JqS = 0}. Then 


sp(u) = u © m, [u, m] C m, [m, m] C u. 


Fix a symplectic basis a = 1,..., 2n, such that J°E^ = E^ +n , J°E^ +n = —E®, 
i = 1 ,...,n. Consider the isomorphism of T> with R 2n that sends to the 
standard basis of R 2rl . Then Sp(u) = Sp(2n,R) and U(J°) = U(n). Thus Z = 
Sp(uj)/U(J°) = Sp(2n, M.)/U(n) is a symmetric space. Recall that Sp(2n, R)/U(n) 
is diffeomorphic to the Siegel upper half plane S n , which is the set of complex 
symmetric n x n -matrices Z = X + iY with positive definite imaginary part Y (see, 
for example, [5] or i)- Indeed, let 


4 > 


A B \ 
C D ) 


be the matrix representation of a transformation if) £ Sp(2n, R) with respect to the 
standard basis of R 2rl . Then 


il)-Z = (AZ + B)(CZ + D)- 1 
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defines a transitive action of Sp(2n, R) on § n . The isotropy subgroup at the matrix 
il £ Sri, I being the identity n x n-matrix, is U(n). Thus Sp(2n,M)/U(n) = S n . 
Let J(Z) be the complex structure corresponding to Z = X + iY £ § n under 
the composite diffeomorphism S„ = Sp(2n,M)/U(n) = Z. Denote by Y 1 / 2 the 
principal square root of the symmetric positive definite matrix Y. Then the matrix 

Y 1 / 2 XY~ x ! 2 
0 F" 1 / 2 

represents a transformation in Sp(2n , R) (smoothly depending on ( X , Y)) such that 
ip ■ ( il ) = Z. Hence 

U7\- / ( 0 1 \ _ ( ~ XY Y + XY-'X 

J ( z ) o J ^ -y- 1 y-'x 

It is easy to check by means of the latter formula that the diffeomeorphism Z —> 
J(Z) is holomorphic, §„ being considered with its natural complex structure as 
an open subset of the vector space of symmetric complex matrices. The manifold 
§n admits a Sp(2n, R)-invariant Kahler metric H introduced and studied by Siegel 
(see, for example, II])- For W = U + iV £ Tz§ n , it is defined by 

H{W, W) = Trace (y“ 1 UY~ 1 U + Y^VY^V) 

One can easily check that the biholomorphism Z —> J(Z) sends the metric G on Z 
to the metric 2 H on §„. 

2.2. ^(wj-decomposition of curvature tensors. Let ( M,u >) be a symplectic 
manifold and V a linear torsion-free connection on TM for which Vw = 0. Such a 
connection always exists [4] (see also Let R be the curvature tensor of V. 
Convention. We adopt the following definition for the curvature tensor R(X , Y) = 
V[x,v] — [Vx,Vy]. This differs by a sign from the definition used in f8l fTOl. 

Set 

R{X, Y, Z, U) = u>(R(X, Y)Z , U), X , Y,Z,U £ TM. 

It has been observed in [8] that this covariant 4-tensor has the following proper¬ 
ties: 

00 R(X, y, Z, U) = -R{Y , X, Z, U)\ 

(a) r(x , y, y, u) = r(x, y, u, zy, 

(in) R(X, Y, Z, U) + R(Y, Z, X, U) + R(Z, X , Y, U ) = 0. 

Now consider the space § of covariant 4-tensors on a symplectic vector space 
(V, w) having these properties. The group Sp(oj) acts on the space S in a natural 
way. The irreducible decomposition of § under the action of Sp(uj) has been found 
in |8]. To describe this decomposition we introduce the Ricci tensor of a tensor 
I? £ § in the usual way. Let R(X,Y)Z be the (l,3)-tensor defined by 

u(R(X,Y)Z, U) =R(X,Y,Z , U). 

Then the Ricci tensor of R is defined as 

a R (X, Y) = Trace{Z -£ R(X, Z)Y}. 

Thus, if Ei,..., E 2 n is a symplectic basis, 

n 

a R (X, Y) = ^[f?(X, Ei, Y, E i+n ) - R(X, E i+n , Y, Ei)}. 

2=1 
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It has been shown in [8] that the Ricci tensor a R is symmetric. Let §° be the 
subspace of tensors in S with vanishing Ricci tensor. Denote by § r the subspace of 
§ consisting of all tensors in § of the form 

R(X, Y, Z, U ) = ^2 t “ *> Z ) p O'. U ) + W ( F ’ U)P(X, Z) 

( 4 ) - u(X,U)P(Y,Z) + w(Y,Z)P(X,U) 

-2 u(X,Y)P(Z,U)\ 

where P is a symmetric covariant 2-tensor. 

Proposition 1. ([5]) (z) If n = 1, then § is an irreducible Sp(ui)-module and 

§ = § r ; 

(zz) If n > 1, we have the following Sp(oj)-irreducible decomposition 

S = S°®S r . 

The projection to § r of a tensor R £ S is given by the right-hand side of ((dj) with 

P = o R (0). 

Definition. As in |10j . we shall say that a covariant 4-tensor I? in § is of Ricci type 
if R £ S r (i.e. if I? is a reducible symplectic curvature tensor in the terminology of 
0 ). 


2.3. Contact connections. Let M be a (2 n + l)-dimensional contact manifold 
with contact form a. We denote the contact distribution Kera by T> and the Reeb 
vector field by £. 

Following m, a linear connection V on TM will be called contact, if for every 
X £ TM and every three sections Y. Yj, Y 2 of V and every two sections X 1 , X 2 of 
TM 

(5) Va Y is a section of V , 

(6) V c Y=[£,n 

(7) Va-£ = 0, 

(8) (X Y da)(Y u Y 2 ) = 0, 

(9) [X U X 2 ] = V. Yl A' 2 - Va' 2 A! - da(X u X 2 )C 

The last identity implies Vy, Y 2 ~ Vy 2 Yi = [Yj, Y 2 ] — a([Yi, Y 2 ])^ = the projection 
of [Yi. Y 2 ] to V with respect to the decomposition TM = V ® R^. Note also that 
[£,Y] = V £ Y€2?,soa([£,Y])=0. 

Proposition 2. f (10] ) Every contact manifold admits a contact connection. The 
set of all contact connections on (M, a) is an affine space modeled on the space of 
symmetric covariant 3-tensors on the contact distribution V. 

Henceforward V will denote a contact connection on M. 

It is convenient to set uj = da. Then 


(io) w(e,o = o, 

while w is a symplectic form on D. 
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Lemma 1. For every contact connection V 

Vw = 0. 

Proof. Let X , Y, Z be vector fields on M. If X , Y, Z are sections of T> , then 
(Vxw)(F, Z) — 0 by ©. Moreover, in view of JG]), 

(V £ w)(Y,Z) = £(da(Y,Z)) - da(V^Y,Z) - da(Y,X £ Z) 

= Z)) - da([^ Y], Z) — da(Y, [£, Z]) = d(da)(£, Y, Z) = 0. 

We also have (Vaw)(£, Z) = 0 for every X, Z G TM since w(£,.) = 0 and V x f = 
0. □ 

Lemma 2. The curvature tensor R of a contact connection satisfies the following 
identities 

(i) ui(R(X, Y)Z, U) = w(2?(X, Y)TJ, Z), X, Y,Z,U& TM; 

(ii) R(X, Y)Z + R(Y, Z)X + R(Z , Y)X = 0 (the Bianchi identity). 

Proof. Since Vu = 0, we have 

w(V x V y Z, U) = XY(u>(Z, U)) - X(uj(Z, V Y U)) - Y(u(Z, V X U)) 

+w(Z, VyV xU) 
and 

u(V [XtY] Z,U) = [X,Y}(u>(Z,U))-u>(Z,V [XtY] U). 

It follows that w(R(X,Y)Z,U) = —w(Z,R(X,Y)U). This proves (*). 

To prove (ii) we first note that R(- , •)£ = 0 since V£ = 0, and that if Z G T>, 
then R(■ , -)Z G T> since V preserves the bundle T>. Thus, to show the Binachi 
identity, it is enough to consider the cases when X, Y, Z G T> and X, Z G 2?, Y = £. 
In the first case the Bianchi identity has been proved in HSJ Lemma 2.6]. In the 
second case, we have 

R(X ,£)Z + R(£, Z)X = -Va-V ? Z + V 5 (V X Z - V Z X) + V Z V £ X 

+V[a, £ ]Z + V[ £i z]X 

= —Va[£, Y] + V £ [X, Z]t> — Vz[X, £] + V [JC>£] Z + V[ £i z]X — Vpf ,z]£ 

= (-[X, E, Z]] + [£, [X, Z]] - [Z, [X,e]])x» - £(a([X, Z]))£ 

= -£(a([X,Z]))£. 

where the subscript 2? means ’’the projection to 2?”. It follows that i?(X, £)Z + 
i?(£, Z)X = 0 since the left-hand side of the identity above lies in V. □ 

3. Almost contact metric structures on contact twistor spaces 

Let M be a contact manifold with contact form a, contact distribution T> and 
Reeb field £, dinnM = 2n + 1. Set ui = da as above. 

Following m we define the contact twistor space of (M, a) as the bundle C —> M 
whose fibre at every point p G Mis Z(T> p ,u) p ), the space of complex structures on 
the vector space T> p compatible with the symplectic form lo p \T> p = da[D p . 

The total space C is a submanifold of End(T>). We imbed End(T>) into End(TM) 
setting A£ = 0 for every A G End(V ), and shall consider C —> M as a subbundle of 
the bundle 7r : End(TAI) —> M. 
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Remark 1. According to this convention, every J £ C will be considered as an 
endomorphism of such that 

(11) J 2 X = ~X + a(X)£, X £ T„ (J) M, 

( 12 ) u{JX,JY)=u(X,Y), X,Y&T n{J) M, 

(13) cj(Z, JZ) >0 for Xe V AJ) , 0. 

Suppose we a given a contact connection V on TM. 

The connection V induces a connection on the vector bundle End(TM) which 
will also be denoted by V. 

Remark 2. Let S' be a section of the bundle C —> M. Denote the extension of 
S to a section of End(TM) by S, so S P \V P = S p , S p (t; p ) = 0, p £ M. Then 
(’ VxS)(Z ) = (VxS)(Z) for X £ T p M , Z £ V p since V preserves the bundle V. 
Also (VxS)(£) = 0 since V£ = 0. Thus, the extension of XxS is V^5. 

Let % be the horizontal subbundle of TEnd{TM) defined by means of the con¬ 
nection V on End[TM). 

Notation. Let J £ C and p = 7 r( J). Take a basis e %,..., e ra , e n +i = Je i,..., e-i n = 
Je n of T> p = Im J that is orthonormal with respect to the metric gj(u, v) = w(rt, Jv ) 
on D p . For this basis u{ei,ej) = w(e i+n , e j+n ) = 0, w(ej,e J+ „) = %, i,j = 
Since by Lemma Q ] to is V-parallel, there exists a frame of vector fields 
E \,..., E 2 n in a (geodesically convex) neighbourhood of p such that 

Dr{jp ) — e r , XE r |p — 0 , r — 1 ,..., 2 n 1 

tu( Di , Ej ) — ioi^Ei -, F/j_(_ n ) — 0 , l o(Ei, Ej+n') — Sij , i , j — 1 ,...., n. 

Define a section S of End{TM) by 

SEi = E i+n , SE i+n = -Ei, i = 1,..., n, S£ = 0. 

Then S' is a section of C such that 

S( P ) = J, VS|p = 0. 

It follows that, for every J £ C and X £ T w (nM, the horizontal lift Xj = 
S*(X) £ Hj of X lies in TjC , i.e. the horizontal spaces Hj, J £ C, are tangent 
to the manifold C. Thus, if Vj = Ker (jr\C)* is the vertical space of the bundle 
C —> M, we have the direct sum decomposition 

TjC = Vj ® T~Lj . 

Let (U,x i,... ,X 2 n+i) be a local coordinate system of M. Define a frame L a p 
of End(TM ) setting La^E^ = 5 ai Ep, 1 < a,/3 ,7 < 2n + 1. If L £ 7 r~ 1 (t/) C 
End(TM ), we have 

2n+l 

L= J2 y 01L d 7 

^> 7=1 

for some smooth functions y^ 1 . Set x a (L) = x a o 7 t(L). Then (5; a ,i/^ 7 ) is a local 
coordinate system of the manifold End(TM). 
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Let [O^p] be the connection matrix of V with respect to the frame L a p: 

2n+l 

VxL aP = ^ p [X) L ^, X £ TM. 


fl,U=l 


Then, for every vector field 


2n+l 




on U, the horizontal lift X h on 7 r 1 (U) is given by 

2n+l p. 2n+l p. 

(14) A* =£(*« <,„)_- ^ ^( W A>»)_ 

a=l f3, 7,/x,i/=l * 


Let L G End(TM) and p = 7 r(L). Then (1141) implies that under the standard 
identification TLEnd(T p M) = End{T p M) we have 

(15) \X h , Y h ] L = [X, Y] h L + R(X, Y)L, 

where R(X,Y)L is the curvature of the connection V on End(TM). 

Remark 3. Note that, for J £ C, the isomorphism TjEnd(T w ^M) = End{T^^M) 
identifies the vertical space Vj of the bundle C —> M with the space of endomor- 
phisms U of T n{J) M such that U£, = 0, JU + UJ = 0, oj(UX, Y) + w(X, UY) = 0, 
X,Y£T n{J) M. 

Remark 4- Given J £ C, denote for a moment the extension of the endomorphism 
J of V p , p = 7 r(J), to an endomorphism of T p M by J (J \V P = J, J£ = 0). Then, 
for X , Y £ T p M , R(X, Y)J is the extension of the endomorphism R(X, Y)J of V p 
since V preserves V and V£ = 0. 

Remarks 1-4 show that the imbedding End(T> ) End{TM) has nice properties 
in the context of our considerations. 

As usual in twistor theory, we can define two endomorphisms of TC setting 
®kX h j = (JXfj for X £ T n(J) M , = (-l) fc+1 JV for V £ Vj. 

Clearly, = 0, rank&k = 2 n. Recall that an endomorphism of the 

tangent bundle of a manifold with these properties is called a partially complex 
structure or a /-structure. Note also that &k{t; h ) = 0. 

The fibre of the subbundle Im$k of TC at a point J £ C is the space Vj © 
{X h j : X £ Set £ = /m$i(= /m<5 2 ). Then (£,$*,|£) is an almost CR- 

structure on C. For k = 1, the integrability condition for this structure has been 

obtained in m- 

For every t > 0, we define a Riemannian metric Gt on C as follows: Let J £ C 
and p = tt( J). For X, Y £ V p , we set G t (X), Yj h ) = u(X, JY ) and G t (X), = 0. 
Thus 

G t (X%, Yj) = w(X, JY) + a{X)a(Y) for every X,Y £ T P M. 

On the vertical subspace Vj of T/C, we set G|Vj = tGj , f-times the metric on the 
fibre through J. Finally, the horizontal and vertical spaces at J are declared to be 
orthogonal. Then ($/., Gt) is an almost contact metric structure on C. We refer 
to [I] for general facts about (almost) contact metric structures. 

The main purpose of this section is to find conditions on M under which (^k,C. h , Gt) 
is a normal structure. Recall that any almost contact metric structure (tp, £, g) on 
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a manifold N induces an almost complex structure K on the manifold N x S 1 for 

d 

which KX = ipX for X £ TN, X _L £, KF = — — £ TS 1 where s is the local coor- 

os 

dinate e 2nls -As on S 1 . The structure (v5,£,g) is said to be normal if the induced 
almost complex structure on N x S 1 is integrable. It is well-known that (</?, £, g) is 
a normal structure if and only if the tensor N W ( X , Y) = ^[X,Y\ + [pX,ipY\- 
tp[<pX, Y) — <p[X, <pY} + dr](X, Y)£ vanishes, where i](X) = g(X, £) (see, for example, 
H; the definition of dr] used here is twice the one in |1]). For the almost contact 
structure (d)^, G t ) this tensor will be denoted by Nj. 1 ' 1 . 

Let A be a (local) section of End(TM) with Af = 0 (i.e. a section of End(V)). 
Define a section A* of End(T>) by ui(A*X,Y) = ui(X,AY), X,Y £ TM , and 
consider it as a section of End(TM) (A*£ = 0). Then 

A= l -{A-A*) 

is an w-skew-symmetric section of End(TM) 1 and we can define a vertical vector 
field A on C setting 

(16) Aj =-(An(j) + J o Ax(j) o J). 

Lemma 3. If J £ C and X is a vector field near the point p = 7r( J), then 
(<) [X h ,A]j = (VxA)j , 

(ii) [X h ,<S> k A)j = $ k (x(a)j, k = 1 , 2 , 

(in) [^kX\ A]j = (^Ta)j - (AjX)j , 

(iv) [$ k X h , j = $ k (X^fA)j - ( <b k (Aj)X) h j . 


Proof. Note first that by m 
(17) 


r) 2n+1 r> 

[*“. = x ‘ = E 


dyh-y 1 


y dx° 


Let AE a = ES A*E a = EH 1 a’^Ep, AE a = E S ^Ep. Then 


2n+l 


(18) 
where 

(19) a” 


*= E 


“a/3_ 


a,(3—1 


d y a0' 


2n+l 


-a/3 


= -(a af} -a* a/3 ). 


^ = -[a^OTT+ Y, ^(^OTT)^], 

1 

In view of 03, it follows that 

^ 2n+l 2n+l p. 

/om rW> 7,.__ V' I y (a a/3 ) + g t/^(J)X p (a^)y^(J)}( ^ ' 
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On the other hand, we have (V x : p A)(E a ) = Xp(a a P)(Ep) p . Note also that 

u((V x A*){Y), Z) = U (Y, (S7 X A)(Z)) 


for every Y, Z £ V where (VxA*)(y) G T> p . Moreover, (X x A*)(f) = 0. Thus 
(V X A)* = VxA*, hence (VyMJ = V X A. It follows that 

(V^4)j = - J o Vx, A o J). 

Therefore the right-hand side of (BOl) equals {S7 x A)j. 

The second formula of the lemma can be proved by similar computations taking 
into account that 


2n+l 


( 21 ) 

Set X = £«=V f a E a . Then 

( 22 ) 


<s> k A = (~i) k+1 Y y^ a 




a,/3,7=1 


dy a "< 


2n+l 

$ k x h = Y (r°*)y ap E h p . 

ct,/3—1 


This and the first formula of the lemma imply (Hi). 
Formula ( iv ) follows from (ii) and (l22l) . 


□ 


Lemma 4. For every two vector fields X,Y near the point p = tt (J) and every two 
integers a,b >0, we have 

[§lX h , <& b k Y h ]j = [S a X, S b Y]j + R p (J a X, J b Y)J , k = 1,2. 

Proof. This follows from the identities (<& k X) b = S* p (J a X p ), & k X h oS = ( S a X) h o 
S and formula (fl5l) . □ 

Denote by D = D t the Levi-Civita connection of the metric Gt- 

Lemma 5. If X,Y,Z are vector fields on a neighbourhood of the point p = tt (J), 
then 

G t (D X hY h , Z h )j = G t ((V x Y) h , Z h )j + [X p (a(Y)) - a p (V x Y)]a p (Z) 

+ ^[a p (X)u p (Y, Z) + a p (Y)u p (X , Z) - a p (Z)co p (X, Y)} 

Proof. Take a local section S of C such that S(p) = J and VS| P = 0. Then by the 
Koszul formula and (fl5l) we have 

2G t (D X hY h , Z h )j = X p (co(Y, SZ )) + X(a(Y)a(Z)) 

+Y p (uj(Z, SX)) + Y(a(Z)a(X)) - Z p (uj(X, SY)) - Z(a(X)a(Y)) 

+co p (Z , J[X, Y)) + a p (Z)a p ([X, Y)) + u> p (Y, J[Z, X]) + a p (Y)a p ([Z, X]) 
+u p (X,J[Z,Y]) + a p (X)a p ([Z,Y]). 

It follows from Lemma Q] that 

X p (uj(Y, SZ)) = iv(S7 Xp Y, JZ) + u(Y, JS7 Xp Z) 
in view of the identity VS \ p = 0. Moreover, we have 

cj(Z, J[X, y]) = u(Z, JX x Y) - ui(Z, JV Y X) 
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by © and (TlTTl) . Also, 

a(Z)a([X,Y]) = -a{Z)u(X,Y) + [X{a(Y )) - Y(a{X))]a(Z) 
since u> = da. 

These identities easily imply the lemma. □ 


Notation. Let Ai, ..., A n 2 +n be sections of End(V) such that A\{p), ..., A n 2 +n (p) 

is a basis of the vertical space Vj C End(T p M) and VA e \ p = 0, e = 1,_, n 2 + n. 

Then the vector fields A e constitute a frame of the vertical bundle in a neighbour¬ 
hood of J. 

The Koszul formula and Lemma [3] (i) imply that {D x As) j is orthogonal to 
every horizontal vector Xj, X £ T p M. Thus we have the following 

Lemma 6 . The fibres of the bundle tt : C —> M are totally geodesic submanifolds. 

Lemma 7. If X 1 Y are vector fields on a neighbourhood of the point p = 7 r( J) and 
V is a vertical vector field in a neighbourhood of J, then 

(23) G t (D xh Y\V)j = i[-o ,(X p ,VjY p ) + G t (R p (X,Y)J,Vj)], 

(24) D v X h = HD X hV , G t (D v X h ,Y h )j = -G t (D xh Y h ,V)j, 
where H means ’’the horizontal component”. 

Proof. The Koszul formula, Lemma [3] (*) and identity (11511 imply 

2 G t {D xh Y h ,A e )j = -(A e )j(G t (X h ,Y h )) + G t (R p (X,Y)J,A e ). 

Let 7 be a curve in the fibre of C through the point J such that y(0) = J and 
7 (0) = (A e )j. Then 

(■ A e )j(G t (X h ,Y h )) = j t ("(X p , 7 (t)Y p ) + a(X p )a(Y p )) | t=0 
= u(X p , ( A e )jY p ). 

This proves the first formula of the lemma. 

By Lemma [HI DyX h is orthogonal to every vertical vector field, thus it is hor¬ 
izontal. Moreover, \V,X h ) is a vertical vector field, hence DyX h = HD X hV. We 
also have 

G t (D v X h , Y h ) = G t ([V,X h ) + D xh V , Y h ) = —G t (V, D X hY h ). 

□ 


Lemmas [5] and [7] imply the following. 

Corollary 1 . Let X, Y £ T p M and V. W S Vj. Then 

G t (D xh e,Y h )j = ^(X,Y), G t (D v £ h ,W)= 0 
G t (D xh e,V)j = G t (D v e,X h )j = ±G t (R{X,Z P )J,V). 

Corollary 2. 

drk(X h ,Y h )=w{X,Y), dr lt (X h ,V) = dr lt {V,W) = 0, Sr, t = 0. 
Corollary 3. Every integral curve of f h is a geodesic in ( C,Gt)■ 
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Corollary 4. The vector field, on ( C,Gt ) is Killing if and only if R(X,tf)Y = 0 
for every X, Y £TM. 

Proof. By Corollary[T] ff 1 is Killing if and only if R(X , £)J = 0 for every J £ C and 
X £ Tn(j)M. Fix a tangent vector X £ T p M and suppose that R(X,t;)J = 0 for 
every J in the fibre C p of the bundle C. Let e\,, e 2 n be a symplectic basis of V p 
and let J be the complex structure of V p corresponding to this basis, Jej = e*+ n , 
i = 1 Then J £ C p and the identity R(X, £) J = 0 implies 

(25) uj(R(X,£)e i+n ,e k ) + u{R{X,£)ei,e k+n ) = 0, i,k = l,...,n, 

(26) v(R(X, £)e i+n , e k+n ) - u{R{X, £)ej, e k ) = 0. 

For A £ R, as in [9], consider the symplectic basis e\ = e,;, e' i+n = Ae,; + e j+ n . Apply¬ 
ing ([25]) for this basis, we get u(R(X, £)e*, e k ) = 0, hence w(f?(X, £)ei +n , e k +n) = 0 
by ESI) . It follows from the identities 

cc(7?(X, £)e*, e k ) — ca(f?(X, £)e.i_|_ n , &k+n) — 0; 

Lemma [2] (i), and identity ([25]) that u(R(X, £f)Z, Z) = 0 for every Z £ V p . In 
view of Lemma [2] (i), polarization of the latter identity gives u>(R(X, £)Y, Z) = 0 
for Y, Z £ V p . Therefore R(X,£)Y = 0 for Y £ V p . For Y = £ this is obvious. 

Conversely, if R(X, £)Y = 0 for every X, Y, we have clearly R(X , £) J = 0, so f h 
is Killing. □ 

Proposition 3. Let J £ C, X,Y £ 7)r(j) A/, V, W £ Vj. Then 

N P) (. x h , y *)J = -R(X, Y)J + R(JX, JY)J 

-(-1 ) k+1 J(R(JX, Y)J + R{X, JY)J) , 

N£\x h ,V) = [1 + (-1 ) k ]{JVX) h j , n£\v,w) = 0 . 

Proof. Extending X, Y to vector fields in a neighbourhood of the point p = n(J) 
and taking into account Lemma [4j Corollary [2[ and identity ([9]), we easily see that 

RN^\x h ,Y h )j = 

( - S p (X x S) p (Y) + S P (X Y S) P (X) + (XsxS) p (Y) - (' V SY SUX))) 
—da(SX p , SY p )a h j + u(X p , Y p )$, 

S being defined in Section 3. We have da(SX p , SY p ) = uj(JX p , JY p ) = u)(X p , Y p ). 
Hence 

HN i k 1) (X h ,Y h ) J = 0 

since X S\ p = 0. Now the first formula of the lemma follows from Lemma [Hand the 
fact that <l>'p = —Id on the vertical spaces. 

Let A be a section of End(V) such that A p = V. Denote by A the vertical vector 
field on C defined by (fTSl) . Then 

N { k \x h , V) = N^(X h , A)j = [1 + (-1 ) k ]{JAjX) h j 
by Lemma [3] and Corollary [H 

Corollary [2] and the fact that is a complex structure on the fibres of C imply 

NfU{V,W)=0. □ 
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Now we set 

Rd(X, Y, Z, T) = u(R(X, Y)Z, T) for X, Y, Z, T £ V. 

Note that this covariant 4-tensor satisfies the identities (i), ( ii ), (Hi) in Section 2.2 

Theorem 1. (i) The almost contact metric structure ($i ,£ h ,G t ) is normal if and 
only if R(X,tf)Y = 0 for every X,Y £TM and the tensor Rx> is of Ricci type. 

(ii) The almost contact metric structure ($i ,£ h ,Gt) is never normal. 

Proof. By Proposition^ ($i, £ h , Gt) is a normal structure if and only if N[ 1 \x h , Y h )j 
0 for every J £ C and X,Y £ 

Note first that N[ 1 \x h , Y h )j, with J, X, Y fixed, is a linear operator on T v (j)M 
whose value at Cn-(J) is zero. 

Take a point p £ M. According to Proposition [3l N[ 1 \x h , £ h )j = 0 for J £ C p 
and X £ T p M , if and only if for every Z,T £ V p and J £ C p 

u>(R(X,Z)JZ,T)+u>(R(X,Z)Z,JT) 

-u(JX, (,)JZ , JT) + u(R(JX , £)Z, T) = 0. 

This obviously holds for X = £, so assume that X £ V p . Let e a , a = 1,..., 2 n, be 
a symplectic basis of T> p . It is convenient to set 

Ra.P ,7 — ^(R(&cn 67 ). 

Then 


(2$) Rot-4 3,7 — Ra,7,/3 — -^/3,a,7 

For AeK, consider the symplectic basis e- = e*, e' i+n = \ei Y e l+n . Applying (|27l) 
for the complex structure J' corresponding to this basis and X = e', Z = e', T = e' k . 
we obtain 

(29) 

Ri,j,k 0) 

Ri,j,k+n Y Ri,j+n,k Y Ri-\-n,j.k — 0? Ri,j+n,k+n Y Ri+n.j.k+n “b Ri-\-n,j-\-n,k — 0 . 

Consider also the symplectic basis e" = ej + Aej+ n ,e" +n = ej+ n . Setting X = 
e", Z = e",T = e" in (E71) and taking into account (E9l) . we get 

(30) Ri+n,j+n,k-\-n 0, Ri-\-n,j+n,k — 0, — 0. 

Now ^ = Ri’k,j+n = 0 and Rj.j+n^k-\-n — Rj+n,i,k+n = Rj+n,k+n,i — 0 by (|28D 

and ffl- Similarly, identities (l28l) and (1301) imply Ri +n j t k = Ri+n,j,k+n = 0. It 
follows that R a j 3 j7 = 0 for every a, /3, 7 = 1,..., 2 n. Therefore u(R(X, f)Z,T) = 0 
for every Z, T £ V. This implies 1?(X, £)Z = 0 since R(X,tf)Z £ V and w is 
non-degenerate on T>. 

Conversely, if R(X,£)Z = 0 for every Z, identity (l27l) is obviously satisfied, so 
N[ 1] (X h ^ h ) = 0, X e TM. 

Next, we discuss the identity N[ 1 \x h ,Y h )j = 0 for X, Y £ T > 7 r (j). It is conve¬ 
nient to introduce the operator J~ = \(Id Y iJ) on the complexification T> c of T> 
and to extend ui to T> c by complex bilinearity. Then, taking into account Proposi¬ 
tion [3l it is easy to check that uj(N^\x h ,Y h )j(Z),T) = 0 for X, T, Z, T £ T>^j), 
if and only if Rx>(J~X , J~Y ,, J~Z , J~T) = 0. The latter condition is equivalent 
to Rt> being of Ricci type by Ii 0 | Lemma 1.1]. 
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This proves the first part of the theorem. 

In order to see that the structure (<I>i, (; h , Gt ) is not normal, we fix a point p £ M 
and take a symplectic basis E\,.... E 2n of U p . Let J be the complex structure on 
Up for which JEi = Ei +n , i = 1 ,... ,n. Define a vertical vector V\_ 2 of C at J 
by formula JJ|. Then V 1>2 E 1 = E 2+n , so N^\e^,V^ 2 )j = -2 {E%)j ^ 0, by 
Proposition [3] □ 

Remark 5. Note that, by Corollary 01 the condition R(X, £)F = 0 for every X,Y 
means that the vector field £ h on (C, G t ) is Killing. 

4. Almost CR-structures on contact twistor space 

In this section we shall show that the almost CR-structure (£,$ 2 \£) is not 
integrable, reproving in passing the integrability result of [H3] for (£, $i|£); here £ 
is the bundle over C whose fibre at a point J £ C is the space Vj © {Xj : X £ 
U 1 r (j)} = (M^ 7r (j))- L , the orthogonal complement being with respect to the metric 

Gt- 

Recall that an almost Cauchy-Riemann ( CR ) structure on a manifold IV is a pair 
(£, <h) of a subbundle £ of the tangent bundle TN and an almost complex structure 
$ of the bundle £. For any two sections X, F of £, the value of [X, Y] mod£ at 
a point p £ N depends only on the values of X and Y at p , so we have a skew- 
symmetric bilinear form C : £ x £ —> TN/£ defined by £(X, F) = [X, F] mod£ and 
called the Levi form of the CR-structure (£, 4>). If the Levi form is <f>-invariant, we 
can define the Nijenhuis tensor of the CR-structure (£, 4>) by 

N cr (X, Y) = -[X, F] + [<I>X, <I>F] - $([$X, F] + [X, $F]). 

The value of this tensor at a point p £ N lies in £ and depends only on the values 
of the sections A', F at p. An almost CR-structure is said to be integrable if its 
Levi form is <f>-invariant and the Nijenhuis tensor vanishes. Let £ c = £ 1,0 © £ 0,1 
be the decomposition of the complexification of £ into (1, 0) and (0,1) parts with 
respect to $. If the CR-structure (£, $) is integrable, then the bundle £ 1,0 satisfies 
the following two conditions: 

£ i ,o n gifl = 0) (r(£ 1 -°), r (fi> 0 )] c to? 1 ’ 0 ) 

where T(f 1,0 ) stands for the space of smooth sections of £ 1 ’ 0 . Conversely, suppose 
we are given a complex subbundle B of the complexified tangent bundle T C N such 
that B fl B = 0 and [r(R),T(R)] C T(R) (many authors call a bundle with these 
properties ”CR-structure”). Set £ = {X £ TN : X = Z + Z for some (unique) A £ 
B} and put $X = —2 ImZ for X £ £. Then (£, $) is an integrable CR-structure 
such that £ 1,0 = B. 

Let Cfc be the Levi form of the almost CR-structure (£, <&*,), k = 1,2. 

Lemma 8. Let J £ C, X,Y £ and U, V £ Vj. Then 

£k(Xj,Yj) = —w(X, F), C k (U,V) = 0, Ck(X h , V) = 0. 

Proof. Extend X and F to sections of T> near the point p = ir(J) such that VX| p = 
VF|j, = 0. Then, by Lemma [H 

£fc(Xj, Yj) = G t ([X h ,Y h U h )j = G t (D xh Y h - D Yh X h ^ h )j = -w p (X,F). 

Extend U,V to vertical vector fields. The vector fields [U,V] and [X h ,V] are 
vertical, hence Ck{U, V ) = Cu(X h , V) = 0. □ 
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Corollary 5. The Levy form Ck is $ k-invariant, k = 1,2. 

Denote the Nijenhuis tensor of the C-R-structure (£,$*,) by Njf R . 

Proposition 4. If P,Q £ £. then Nff R {P, Q) = Nj, 1 \P, Q). 

Proof. Let J £ C and let X, Y be sections of T> near the point p = 7r(J). Using 
Lemma 0] and identity @ , we easily see that 

HNC R (X h ,Y h )j = 

( - S p (X x S) p (Y) + S P (X Y S) P (X) + ( X sx S) p (Y ) - (XsySUX))] 

+ [u(X p ,Y p )-u>(SX p ,SY p )]& 

Therefore, 

HN£ R (X h ,Y h )j =0 = nN^\x h ,Y h )j 
by Proposition [3] Lemma H] implies also that VNff R (X h ,Y h )j = VN^\x h ,Y h ) j. 
It follows from Lemma[3]and Proposition [3] that N]f R (X h , U)j = N^\x h , U)j for 
every U £ Vj. Finally, if U, V £ Vj, then N^ R (P, Q) = Nj c 1 \P, Q) = 0 since is 
a complex structure on the fibres of C. □ 

Proposition |4] and the proof of Theorem [l] give the following. 

Theorem 2. (i) ([lOjl The almost CR structure (£, <I>i) is integrable if and only 
if the tensor Rp is of Ricci type. 

(ii) The almost CR structure (£, $ 2 ) is never integrable. 

5. Examples 

Example 1. Let E\,E 2 , E 3 be left-invariant vector fields on the group SO(3) such 
that 

[Ei,E 2 ] = E 3 , [E 2 ,E 3 \ = Ei, [2?3,2?i] = E 2 • 

If E*,E%,Ez is the dual frame, set a = —E%. Then 

da{Ei,E 2 ) = 1, da(Ei,E 3 ) = da(E 2 ,E 3 ) = 0. 

Thus a is a contact form on SO( 3) with contact distribution V = span{E\, E 2 } 
and Reeb vector field £ = —E 3 . 

It is easy to check that for every contact connection the tensor Rp is of Ricci 
type. 

A simple example of a contact connection V can be found setting 
X E t E\ = aiEi + btE 2 , V E t E 2 = CiE\ + diE 2 , i = 1,2, 
where ai,bi,Ci,di £ R. Then the identities 

(XE 1 da)(Ei, E 2 ) = {XE 2 da)(Ei,E 2 ) = 0 

are equivalent to 

(31) ai = — d\, a 2 = —d 2 . 

We have 

[Ei,E 2 ] = X El E 2 — Xe 2 E 1 + a([Ei, E 2 })^, i,j = 1,2, 


if and only if 
(32) 


a 2 — ci, b- 2 — d\. 
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Suppose that identities m and (l32ll are satisfied and set V ^Ei = [£,£*], i = 1,2, 
and V£ = 0. Then V is a contact connection for which 

£(£ 4 , £,)E\ = (2a 2 + b\)E\ + 3diE 2 , 

R(Ei, £)E 2 = (c 2 + 2di)Ei — (bi — 2d2)E2 

R(E2,£,)E2 = 3d 2 Ei — (2d\ + C2)E 2 . 

Thus R(X , £)y = 0forl,y 6 "D if and only if a* = bi = Ci = di = 0, i = 1, 2. 

Example 2. Let G be the simply connected 5-dimensional Lie group with Lie algebra 
generated by left-invariant vector fields £ 4 ,..., £ 5 whose non-zero Lie brackets are 

[£ 2 , £ 3 ] = Ei, [£ 2 , £ 5 ] = £ 2 , \E 3 ,E$] = —£ 3 , [£ 4 , £ 5 ] = £ 4 . 

One can easily see that the group G is solvable. If £jf,..., £| is the dual frame of 
left-invariant 1-forms, £4 is a contact form on G. It is shown in [3] that G admits a 
lattice T such that the quotient G/Y is compact (recall that such a lattice is called 
uniform). In fact, G is one of the groups in the list, obtained in [3], of all simply 
connected solvable 5-dimensional Lie groups admitting a left-invariant contact form 
and a uniform lattice. 

Let s 0 be a real number. Then a = sE + E\ is a contact form on G with 

contact distribution V = span{E 2 , £ 3 , £4 -£ 4 ,^ 5 } and Reeb field £ = -£ 4 . It 

s s 

is convenient to set 

Ai = £ 2 , A2 = £ 3 , A3 = E4 - Ei, A4 = £ 5 , A 5 = £. 

s 

We have the following table for the non-zero Lie brackets of the vector fields 

Ai, ..., A3 

[Ai,A 2 \ = sA 5 , [Ai,A4\ = Ai, [A2, A4] = — A 2 , [-A 3 , A4] = sA 5 . 

The only non-zero values of the form ui = da are 

uj(Ai, A 2 ) = w(A^3, A.4) = — s. 


Let V' be the connection on G for which 

^.4i Ai = 2 (A*) A?] — a ( A*; A/DO: = D • • ■ A; 

V' AB Ai = [A 5 ,Ai], i = 1,..., 4, V'A 5 = 0. 

This connection satisfies all conditions in the definition of a contact connection 

except the condition © (for example, (V Ai oj)(A 2 , A 4 ) = — | 7 ^ 0). To get a 

contact connection we follow the procedure used in the proof of uni Theorem 2.5]. 
If Af is the tensor on T> defined by 

co(U(X, Y),Z) = (V»(Y, Z), X, Y,Z £V, 

set 

V A -y = V X Y + \Af(X, Y) + ^AfiY, X) for X,Y £V, 

VcX = [£, X] for IeD, V£ = 0. 

Then V is a contact connection. 
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In our case, the non-zero values of A f are 

U{Ai,A 2 )=U{A 2 ,A 1 ) = U 3 , Af(A 4 ,A 4 ) = ~A U 
■A f(A 2 ,A 4 ) = — A 2 . 

Thus we have the following table for the connection V 

= — A3, V^jA.4 = — Ai 3 V A2 Ai = — A3, Va 2 A.4 = —— A 2 

V a 4 Ei = —- Ai, V a 4 E 2 = -A 2 
and all other V Ai Aj vanish. 

The tensor Rp for this connection is not of Ricci type (identity Q with P = a 
is not satisfied for A' = Ai, Y = A 4 , Z = A 4 ,U = A 4 ). According to [10, Theorem 
2.5] every contact connection V is of the form 

VxY = V x Y + S(X,Y) 

where S(X,Y) is a tensor with the following properties: 

(a) S(X, Y) takes its values in V; 

(b) S( X, £) = S(t;,X) = 0 for every X; 

(c) S(X,Y) = S(Y,X); 

(d) uj(S(X,Y), Z) is a symmetric 3-tensor. 

In order to find a tensor S such that the curvature Rp of the corresponding con¬ 
nection V is of Ricci type, we have used a computer computation. This suggested 
the following simple choice of S 

S(Ai, A 2 ) = S(A 2 , Ai) = ——A 3 , S(Ai, A 4 ) = S(A 4 , Ai) = — — Ax, 
S(A 2 ,A 4 ) = S(A 4 , A 2 ) = —A 2 , 

all other S(Ai,Aj) = 0. Under that choice of S we get a flat contact connection V 
for which 

Va 4 A! = -Ax, Va 4 A 2 = A 2 , V Ai A j = 0 for (i,j) ± (4,1), (4, 2 ). 

Example 3. As in [2 Example 2], consider a 5-dimensional Lie group G with Lie 
algebra generated by left-invariant vector fields E 0 , Ex, ..., E 4 whose non-zero Lie 
brackets are 

[E 0 ,E 1 \ = -E 1 , [E 0 ,E 2 ] = E 2 , [E 4 ,E 2 ] = E 3 , 

[Ei,E 4 ] = —Ei, [E 3 ,E 4 ] = —E 3 

Let s ^ 0 be a real number. If Eq , E "[,..., E\ is the dual frame of left-invariant 
1-forms, a = E£ + sEq is a contact form on G with contact distribution T> = 

span{Ei, E 2 , E 4 , sE 3 — E 0 } and Reeb field £ = —E 3 . Set 

s 

A\ = Ei, A 2 = E 2 , A 3 = E 4 , A 4 = sE 3 — Eq, A 3 = £. 

Considerations similar to that in the preceding example lead to the following non¬ 
flat contact connection V whose curvature R satisfies the identity R(X, £)Y = 0 
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for every A', Y and the tensor Rx> is of Ricci type (thus, the almost contact metric 
structure (iq, £ h , Gt) is normal): 

V_a 4 A 2 = — A4, I3 = — TtAi, 

2 s 2 

Va 2 A, = — — A 4 , V j 4 2 A _3 = — — A 2 , 

2 s 2 

Va 3 Ai = ^Ai, ^a 3 A 2 = — - A 2 , V A 3 A 4 = — 2 A 3 , 

Va 4 Ai = Ai, Va 4 A 2 = —A 2 , V A 4 A 3 = — 2 A 3 — A 4 , VA 4 A 4 = 8 A 3 + 2 A 4 , 

Va 5 Ai = — Ai, V a b A 2 = -A 2 , 
s s 

all other Va, Aj = 0 . 

The tensor Rx> of the following non-flat contact connection is of Ricci type, while 
R(X,g)Y is not identically zero, so the almost CR structure (£, $ 1 ) is integrable 
but the almost contact metric structure ($ 1 , £ h , Gt) is not normal. 

Vai A 2 = ——A 3 + —£ 4 , Va 1 A3 = --Ai, VaiA4 = ——Ei, 

3s 3s 0 d 

V a 2 Ai = ——A 3 — —A 4 , Va 2 A 3 = —-A 2 , Va 2 A4 = 0 ^ 2 , 

V a 3 Ai = -Ai, Va 3 A 2 = —-A 2 , VA 3 A 3 = —-A 3 , V 4 I 3 A 4 = —A 3 

2 2 2 
V^Ai = — Ai, Va 4 A 2 = ——A 2 , V a 4 A 3 = —— A 4 , 

Va 5 A 1 = — A 1 , V Ab A 2 = —A 2 , 
s s 

all other V Ai Aj =0. 

Finally, note that the Lie algebra g = span{Eo, ..., £ 4 } of the group G is solv¬ 
able. It is not unimodular {Trace ad,E 4 = 2), hence, by a result of Milnor [5], the 
group G does not possess a discrete subgroup F such that the quotient G/T is 
compact. 
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